Equivariance of generalized Chern characters 



Takeshi Torii 

Abstract 

In this note some generalization of the Chern character is discussed from the chromatic 
point of view. We construct a multiphcative Gn+i-equivariant natural transformation O from 
some height n + 1 cohomology theory E*{—) to the height n cohomology theory K* {—)iSifL, 
where K*{—) is essentially the nth Morava K-iheory. As a corollary, it is shown that the 
Gn-module K*{X) can be recovered from the d+i-module E*{X). We also construct a lift 
of © to a natural transformation between characteristic zero cohomology theories. 

1 Introduction 

In the stable homotopy category S of p-local spectra, there is a filtration of full subcategories 
Sn, where the objects of iS„ consist of £'(n)-local spectra. The difference of the each step of this 
filtration is equivalent to the ii'(n)-local category. So it can be considered that the stable homotopy 
category S is built up from ii'(n)-local category. In fact, the chromatic convergence theorem (cf. 
[15j ) says that the tower ■ • • — > Ln+iX LnX ■ ■ ■ ^ LqX recovers a finite spectrum X, 
that is, X is homotopy equivalent to the homotopy inverse limit of the tower. Furthermore, the 
chromatic splitting conjecture (cf. [5]) implies that the p-completion of a finite spectrum X is a 
direct summand of the product Iln ^-ftr(n)"'^- This means that it is not necessarily to reconstruct 
the tower but it is sufficient to know all Lx(n)X to obtain some information of X. 

The weak form of the chromatic splitting conjecture means that the canonical map Ln{S°)p 
LnLx(n,+i)S'^ is a split monomorphism, where 5'° is the sphere spectrum and {S^)p is its p- 
completion. In [TU Remark 3.1.(i)] Minami indicated that the weak form of the chromatic splitting 
conjecture implies that there is a natural map p for a finite spectrum X from the K{n + 1)- 
localization L/^(„_|_i)X to the _R'(n)-localization LK{n)X such that the following diagram commutes: 

X 



(1.1) 

where r]x{'a) and r]K{n+i) are the localization maps. In this note we would like to consider an 
algebraic analogue of this diagram. 

Let F be an algebraic extension of the prime field Fp which contains Fpr. and Fp^+i. Let En be 
the Morava iJ-theory with the coefficient ring . . . , where W — W^(F) is the ring 
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of Witt vectors with coefRcients in F. The group of multiphcative cohomology operations on En is 
the extended Morava stabihzer group G„ = F k Sn, where F = Gal(F/Fp) and Sn is the nth Morava 
stabihzer group. Let Mn be the category of twisted iJ^^-Gn-modules. Then i?„-(co)honiology gives 
a functor from S to Ain, and i?„-(co)homology is considered to be an algebraic approximation of 
the locahzation map rix(n) '■ X — > L^(„)X. So an algebraic analogue of the problem to construct 
the diagram is the following: Is there an algebraic functor ^ : Mn+i M-n such that the 
following diagram commutes? 



S 




Mn+l > Mn- 

We recall the classical Chern characters. The Chern character is a multiplicative natural 
transformation from ./^-theory to the rational cohomology: 

ch:K — > HCl[w^^] ^ ^^'HQ. 

iez 

The formal group law associated with ii'-theory is the multiplicative formal group law. So its 
height is one. On the other hand, the height of the formal group law associated with the rational 
cohomology is considered to be zero. So the Chern character is considered to be a transformation 
from a height 1 theory to a height zero theory. The map /i in (|1.2p is a transformation from the 
height n+1 theory En+i to the height n theory £'„. So /i should be a generalization of Chern 
character in some sense. Such a generalized Chern character have been constructed and studied 
by Ando, Morava and Sadofsky J2^. 

There is a modulo /„-version of the problem to construct the diagram ()1.2|) . where /„ is the 
invariant prime ideal {p,vi, . . . ,Vn^i)- Let E*{—) and K*{—) be the complex oriented cohomol- 
ogy theories with coefficient rings — F|u„][u^'^] and K*{—) = F[w^'^], respectively, where 
y-(p"+^-i) — y^_^^ and u„M~(P"~^) — Vn = w^'-p"~^\ We denote by M'n+i (resp. M'^) the 
category of twisted iJ^-Gn+i-modules (resp. iir*-G„-modules). Then the modulo /^-version of the 
problem to construct the diagram (|1.2p is as follows: Is there an algebraic functor fi' : A^^+i Ai'n 
such that the following diagram commutes? 



S 




M'n+l ' M'n. 

In [16| we have studied the relationship between the formal group laws Fn+i and _ff„ associated 
with E*{—) and K*{—), respectively. There is a totally ramified Galois extension L of infinite 
degree over the fraction field F((m„)) of Eq, and there is an isomorphism between and iJ„ 

over L. We have shown that the pro-finite group Q = T k {Sn x Sn+i) acts on {Fn+i, L) = {Hn,L). 

The following is the main theorem of this note. 

Theorem 1.1 (Theorem 14. ip . Let p be an odd prime. Then there is a Gn+i-equivariant multi- 
plicative stable cohomology operation 

e : E*{-) — > K*{-)®fL 



GENERALIZED CHERN CHARACTER 



3 



such that Q induces a natural isomorphism of Q = T x (S'„ x Sn^i) -modules: 

E*{X)®EoL ^ K*{X)^fL 

for all spectra X . 

On the right hand side of the isomorphism in Theorem ll.il the subgroup Sn+i of Q acts on L 
only and its invariant ring is the subficld F: H^{Sn+i', L) = F. This implies the following corollary. 

Corollary 1.2 (Corollarv l4.3p . There are natural isomorphisms of Gn-modules: 

K*{X) = i/0(5„+i;^*(X)§£L), 
K^X) = H"{Sn+i;E4X)(x)EL), 

for all spectra X. If X is a space, then these are also isomorphisms of graded commutative rings. 

This corollary gives us an answer of the modulo /n_i-version of the problem. We define ijl'{M) = 
H^{Sn',M L[u^^) for a twisted i^^-Gn+i-module M. Then we obtain a functor from the 
category of twisted i?»-G„+i-modules to the category of twisted X^-Gn-modules: ^' : M'^ 
M.'n-i, which makes the triangle (|1.3p commutative. 

Furthermore, we can lift O to a natural transformation between characteristic cohomology 
theories. There is a complete discrete valuation ring T of characteristic with uniformizer p and 
residue fields L. We regard r|u;i] = Tlwi, . . . , w„_i] as an En = Wfwi, . . . , w„_i]-algebra by 
obvious way. Also, we can regard TluiJ = r|ui, . . . , u„-i] as an En+i = Wfui, . . . , u„]-algebra. 

Theorem 1.3 (Theorem IS.lip . There is a Gn+i-equivariant multiplicative stable operation 

c/j:K+i(-)^K(-)g£„rM, 
such that this induces a natural isomorphism of Q -modules: 

El+,{X)®E„^,Tlu,l ^ e:XX)®e^TIw^I 

for all spectra X . 

The organization of this note is as follows: In !j2]we review the Lubin- Tate's deformation theory 
of formal group laws and the results of \\&\ on the degeneration of formal group laws. In Sj3] we 
study the relationship between the stable natural transformations of even-periodic complex oriented 
cohomology theories and the homomorphisms of their formal group laws. In 2] we construct a 
multiplicative G„+i-equivariant natural transformation O from E*{—) to K*{—)(§L and prove the 
main theorem. In !j5] we construct a lift of to a natural transformation of characteristic zero 
cohomology theories. 

2 Formal group laws 

In this section we review the deformation theory of formal group laws. In the following of this note 
a formal group law means a one-dimensional commutative formal group law. 
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Let Ri and R2 be two (topological) commutative rings. Let Fi (resp. F2) be a formal group 
law over i?i (resp. i?2)- We understand that a homomorphism from (Fi,i?i) to (^2,-^2) is a pair 
(/, a) of a (continuous) ring homomorphism a : i?2 — > -Ri and a homomorphism f : Fi —> a* F2 in 
the usual sense, where a*F2 is the formal group law obtained from F2 by the base change induced 
by a. We denote the set of all such pairs by 

FGL((Fi,i?i),(^^2,i?2)). 

If i?i and i?2 are topological rings, then we denote the subset of rGL((Fi, i?i), (F2, -R2)) consisting 
of (/, a) such that a is continuous by 

FGL^((Fi,i?i),(F2,i?2)). 

The composition of two homomorphisms (/, a) : (i^i,i?i) — > (i^2,-R2) and (/3,(7) : (-^2,-^2) ^ 
(F3, i?3) is defined as (a*5 o /, a o /3) : (Fi, i?i) ^ (F3, i?3): 

Fi ^ a*F2 ^ a*(/3*F3) = (a o /3)*F3. 

A homomorphism (/, a) : (Fi,i?i) ^ (-F2,i?2) is an isomorphism if there exists a homomorphism 
(5,/3) : [F2,R2) ^ (Fi,i?i) such that (/,a) o (5,/?) = (X, id) and {g,P) o (/, a) = (X,zd). Then 
a homomorphism (/, a) : (Fi, Ri) {F2, R2) is an isomorphism if and only if a is a (topological) 
ring isomorphism and / is an isomorphism in the usual sense. 

There is a p-typical formal group law iJ„ over the prime field ¥p with p-series 

which is called the height n Honda formal group law. Let F be an algebraic extension of the finite 
field Vpn with elements, and we suppose that iJ„ is defined over F. The automorphism group 
Sn of Hn over F in the usual sense is the 71th Morava stabilizer group Sn, which is isomorphic to 
the unit group of the maximal order of the central division algebra over the p-adic number field Qp 
with invariant l/n. We denote by G„ the automorphism group of Hn over F in the above sense: 

G„ = Aut(iJ„,F). 

Then the following lemma is well-known. 

Lemma 2.1. The automorphism group Gn is isomorphic to the semi-direct product F k Sn, where 
F is the Galois group Gal(F/Fp). 

We recall Lubin and Tate's deformation theory of formal group laws [9]. Let i? be a complete 
Noetherian local ring with maximal ideal / such that the residue field k — R/ 1 is oi characteristic 
p > 0. Let G be a formal group law over k of height n < 00. Let A be a complete Noetherian 
local i?-algebra with maximal ideal m. We denote by t the canonical inclusion of residue fields 
k C A/m induced by the i?-algebra structure. A deformation of G to A is a formal group law G 
over A such that l*G = tt*G where n : A ^ A/m is the canonical projection. Let Gi and G2 be 
two deformations of G to A. We define a *-isomorphism between Gi and G2 as an isomorphism u : 
Gi G2 over A such that tt*u is the identity map between 7r*Gi = l*G = tt*G2- Then it is known 
that there is at most one ^-isomorphism between Gi and G2. We denote by C{R) the category of 
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complete Noetherian local _R-algebras with local i?-algebra liomoniorphisms as morphisms. For an 
object A of C{R), we let DEF(A) be the set of all ^-isomorphism classes of the deformations of G 
to A. Then DEF defines a functor from C{R) to the category of sets. Let Rftij = R\ti, . . . 
be a formal power series ring over R with n — 1 indctcrminates. Note that R\ti\ is an object of 
C{R). Lubin and Tate constructed a formal group law F(ti) = F{ti, . . . , tn-i) over -R|<i| such that 
for every deformation G of G to A, there is a unique local ii-algebra homomorphism a : Rftij A 
such that a*F{ti) is ^-isomorphic to G. Hence the functor DEF is represented by -R|ti]: 

DEF(A)SHomc(ij)(J?M,A) 

and F{ti) is a universal object. 

Lemma 2.2. Let F and G be formal group laws of height n < oo over a field k of characteristic 
p > and {f,a) an isomorphism from {F,k) to {G,k). Let R be a complete Noetherian local 
ring with residue field k and a a ring automorphism of R such that a induces a on the residue 
field. Let F (resp. G) be a universal deformation of F (resp. G) over R\ui\ = . . . , m„_i] 

(resp. R\wi\ = . . . , w„_i]^. Then there is a unique isomorphism {g,f3) from {F,R\ui\) to 

{G,R\wiJ) such that (ff,/3) induces {f,a) on the residue field andioa = (5oj, where i : R ^ R\ui\ 
and j : R—^ Rfwij are canonical inclusions. 

Proof. First, we show that there is such a homomorphism. Let f{X) G R[X] be a lift of f{X) S 
k[X] such that /(O) = 0. Set F'{X,Y) = f {F{f-^{X), f-^ {¥))). Then (F',i?|wi]) is a de- 
formation of a*G. We denote by ii'|wij the ring R\ui\ with the i?-algebra structure given by 

R R ^ Rfuij. Then {F' , R'fuiJ) is a deformation of G. Since G is a universal deformation of 
G, there exists a continuous i?-algcbra homomorphism /3 : and a *-isomorphism 

u : F' ^ I3*G. Then (5, /3) = {uof,(3) : {F,R'lu}i) (G, is a lift of (/, cF) : {F,k) {G,k). 

By the same way, we can construct a Uft (ft., 7) of {f,a)~^. Then (ft, 7) o is a Hft of 

{X, id) : {F, k) {F, k). Note that /307 : is a continuous i?-algebra homomorphism. 

Since {F,R\ui\) is a universal deformation, (ft, 7) o {g,l3) = {X,id) by the uniqueness. Similarly, 
we obtain that (g,/3) o (ft, 7) = {X,id). Hence we see that {g,/3) is an isomorphism and a unique 
lift of (7,S) : (F,/c) (G,fc). □ 

Let F be an algebraic extension of Fp which contains Fp^ and Fp^+i. Let W = W{F) be the 
ring of Witt vectors with coefficients in F. We define i?„ to be a formal power series ring over W 
with (n — 1) indeterminates: 

En = W[W1,. . . , W„_i]. 

The ring En is a complete Noetherian local ring with residue field F. There is a p-typical formal 
group law Fn over £"„ with the p-series: 

\pf-{X) =pX+p^ wiXP W2XP" +^^...+^^ Wn-iXP"~' XP". (2.1) 

The formal group law F„ is a deformation of Hn to En- The following lemmas are well-known. 

Lemma 2.3. {Fn,En) is a universal deformation o/(ff„,F). 

Lemma 2.4. The automorphism group Aut'^(F„, £■„) is isomorphic to Gn. 
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As in En, we define En+i to be a formal power series ring over W with n indeterminates: 

En+l = Wlui, . . . ,M„], 

and there is a universal deformation (Fn+i, En+i) of the height (n+1) Honda group law {Hn+i, F). 
Let E = En+i/In = F|u„], where /„ = (p, ui, . . . , zi„_i). Let Fn+i = 7r*F„+i, where tt is the 
quotient map En+i E. Then -Fn+i is a deformation of Hn+i to E. The following lemma is easy. 

Lemma 2.5. The automorphism group A.\it'^[Fn+i,E) is isomorphic to Gn+i- 

If we suppose that F„+i is defined over the quotient field M = F((u„)) of E, then its height 
is 71. Since the formal group laws over a separably closed field is classified by their height, there 
is an isomorphism $ between Fn+i and i?„ over the separable closure Af^^ of M (cf. [Sill]). We 
fix such an isomorphism <I>. Since $ : Fn+i — » Hn is a homomorphism between p- typical formal 
group laws, $ has a following form: 

Let L be the extension field of M obtained by adjoining all the coefficients of the isomorphism 
So (^jidi) is an isomorphism from (F„+i,L) to (if„,L): 

: (F„+i,L) ^ (i/„,L). 

Note that L is a totally ramified Galois extension of infinite degree over M with Galois group 
isomorphic to Sn [Smi]. Set C/ = L x {Sn+i x Sn)- Then Gn+i = F k Sn+i and G„ = F k are 
subgroups of t/. In [16j we have shown the following theorem. 

Theorem 2.6 (cf. [16, §2.4]). The pro-finite group Q acts on {Fn+i,L) = (i/„,L). The action of 
the subgroup Gn+i on {Fn+i,L) is an extension of the action on {Fn+i, E), and the action of the 
subgroup Gn on {Hn,L) is an extension of the action on (i/„,F). 

3 Stable operations of cohomology theories 

In this section we recall and study the stable cohomology operations between Landweber exact 
cohomology theories over P{n). The treatment is standard as in [1] [TT| [17]. 

For a spectrum h, we denote by h*{—) (resp. )) the associated generalized cohomology 

(resp. homology) theory. For spectra h and fc, we denote by C(/i, k) (resp. H(/i, k)) the set of all 
degree stable cohomology (resp. homology) operations from h to k. Then C(/i, k) is naturally 
identified with the set of all degree morphisms from ft, to fc in the stable homotopy category. 
There is a natural surjection from C(ft,, k) to H(ft, k) and the kernel consists of phantom maps (cf. 
[ini Chapter 4.3]). 

We say that a graded commutative ring /i* is even-periodic if there is a unit u € /i2 of degree 
2 and hodd — 0. Note that /i* = /io[m*^] if /i* is even-periodic. We say that a ring spectrum h is 
even-periodic if the coefficient ring ft* is even-periodic. 
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Definition 3.1. Let i? be a commutative ring. A topological i?- module M is said to be linearly 
topologized if M has a fundamental neighbourhood system at the zero consisting of the open 
submodules. A linearly topologized i?-module M is said to be linearly compact if it is Hausdorff 
and it has the finite intersection property with respect to the closed cosets A topological ring R is 
linearly compact if R is linearly compact as an i?-module. (cf. [6l Definition 2.3.13]). 

Example 3.2. A linearly topologized compact Hausdorff (e.g. profinite) module is linearly com- 
pact. If i? is a complete Noetherian local ring, then a finitely generated i?-module is linearly 
compact. In particular, a finite dimensional vector space over a field is linearly compact. 

Lemma 3.3 (cf. [6l Corollary 2.3.15]). Let I he a filtered category. The inverse limit functor 
indexed by I is exact in the category of linearly compact modules and continuous homomorphisms. 

For a spectrum X, we denote by A{X) the category whose objects are maps Z ^ X such that 
Z is finite, and whose morphisms are maps Z ^ Z' such that v!v — u. Then A(X) is an essentially 
small filtered category. 

Lemma 3.4. // fc is even-periodic, and kg is Noetherian and linearly compact, then there is no 
phantom maps to k. 

Proof. For a finite spectrum Z, fc°(Z) is a finitely generated module over and hence k^{Z) is 
linearly compact. By Lemma |3.3[ fc'^(X) = lim k'^{Z), where the inverse limit is taken over A{X). 

This means that there is no phantom maps to k. □ 

Corollary 3.5. Suppose that a spectrum k is even- periodic, and ko is Noetherian and linearly 
compact. Then the natural map C{h,k) H{h,k) is an isomorphism. 

Proof. Since C(/i, k) — > H(/i, k) is surjective and the kernel consists of phantom maps, the corollary 
follows from Lemma [3^ □ 

Definition 3.6. We denote by Mult(/i, fc) the set of all multiplicative stable cohomology op- 
erations from h*{~) to k*{—). If /i*(— ) and fc*(— ) have their values in the category of linear 
compact modules, then we denote by Mult'^(ft,, fc) the subset of Mult(/i, fc) consisting of 6 such 
that 9 : h*(X) k*{X) is continuous for aU X. 

If h*{—) is a complex oriented cohomology theory, then the orientation class Xh G h'^{CP°°) 
gives a formal group law F of degree —2. Furthermore, if h is even-periodic, then a unit it G /i2 
gives a degree formal group law by Fh{X, Y) = uF{u''^X, u^^Y). In the following of this section 
we suppose that h*{—) and fc*(— ) are complex orientable and even-periodic. Furthermore, we fix 
a unit u £ h2 (resp. v G fc2) and an orientation class X^, £ h'^{CP°°) (resp. X^ G fc^(CP°°)). 
Then we obtain a degree formal group law F^ (resp. Fj.) associated with h (resp. fe) as above. A 
multiplicative cohomology operation 6 : h*{—) k*{—) gives a ring homomorphism a : Hq ^ ko 
and an isomorphism f : F}. ^ ct^Fh of formal group laws. Note that f{X) — 9{u)f{v~^X), where 
f{Xk) = 6{Xfi). In particular, /'(O) = 0{u)v~^ is a unit of fco. Hence we obtain a map from 
Mult(/i, fc) to FGL((Ffc, fco), (Fh, ho)): 

E : Mult(/i, fc) ^ FGL((Ffe.fco), {Fh, ho)). 
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If ho and ko are Noetherian and linearly compact, then h*{X) and k*{X) are linearly compact 
modules. Then we see that 5 induces 

S= : Mult^(/i, k) FGL^iiFk.ko), {Fh,ho)). 

Remark 3.7. Let ho and fco be Noetherian and linearly compact. If G Mult(/i, fc) induces a 
continuous ring homomorphism ho — > fco: then 9 G Mult^(/i, fc). 

Let p be a prime number and BP the Brown-Peterson spectrum at p. There is a i?P-module 
spectrum P{n) with coefficient P{n)^ = Fp [w„, w„_|_i, . . .]. If p is odd, then P{n) is a commutative 
SP-algebra spectrum. As usual, we set P{0) = BP. 

Let i?* be a graded commutative ring over Z(p). We suppose that there is a p- typical formal 
group law F of degree —2 over i?*. Since the associated formal group law to BP is universal with 
respect to p-typical ones, there is a unique ring homomorphism r : BP^ — > i?, . We suppose that 
r(vi) — for < i < n. Then we obtain a ring homomorphism r : P(n)^. — > i?,. The functor 
i?, ®p(n). ) is a generalized homology theory and i?, ®p(n). ^(^)*(^) is a cohomology 

theory on the category of finite spectra if WnjWn+i, ... is a regular sequence in i?* by the exact 
functor theorem [7l[T8]. We say that such a graded ring i?, is Landweber exact over P(n)*. For a 
spectrum X, we define 

R.®P(^a)P{nf{X) = hm (R, «)p(„). P{n)*{Z)) , 
where the inverse limit is taken over A{X). 

Lemma 3.8. Suppose that i?, is Landweber exact over P{n)^ and even-periodic. Furthermore, 
suppose that Ro is Noetherian and linearly compact. Then the functor _R»®p(„)^P(n)*(— ) is a 
complex oriented multiplicative cohomology theory. 

Proof. Set R*{—) = R*'8p{n),P{n)*{—). It is easy to see that ) takes coproducts to prod- 

ucts. The exactness of R*{—) follows from Lemma [3.31 (cf. [6, Proposition 2.3.16]). The natural 
transformation P(n)*(— ) R*{—) gives us an orientation of ). □ 

We suppose that p is odd if n > 0. In [17] Wiirgler determined the structure of the co-operation 
ring P(n),(P(n)), which is given as follows: 

P{n)^{P{n)) ^ Pin)4ti,t2, . . .] A(ao, Oi, . . . , a„_i), 

where \ti\ = 2(p* — 1) and \ai\ — 2p' — 1. In particular, P(n)*(P(n)) is free over P{n)^,. Let fc, be an 
even-periodic P(n)*-algebra. Hence we have a degree formal group law Fk. Note that a Pin)^,- 
algebra homomorphism (p : P{n)^,{P{n)) fc, factors through cf) : P(n)*(P(n))/(ao, . . . ,a„_i) = 
P(n)»[ti, . . .]. It is known that there is a one-to-one correspondence between a P(n), -algebra 
homomorphism (}> : P{n)^, [ti, . . .] — > fc, and the pair (/, G), where G is a p-typical formal group law 
of degree such that the p-series [p](A) = mod {X^ ), and / is an isomorphism from Fk G. 
Note that G is the degree formal group laws associated with {(l)orifj)^,Fp(^n), where rjp is the right 
unit of the Hopf algebroid P(n)*(P(n)), and Pp(„) is the degree —2 formal group law associated 
with the complex oriented cohomology theory P(n)*(— ). 

Let /i, and fc, be graded rings which are Landweber exact over P(n)* and even-periodic. We 
suppose that ho and fco are Noetherian and linearly compact. Set h*{—) = /i*®p(n),^'("-)*(— ) 
and fc*(— ) = fc*'X>p(„).P(n)*(— ). By Lemma [3.81 h*{—) and k*{~) are generalized cohomology 
theories. We denote by h and k the representing ring spectra, respectively. 
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Proposition 3.9. We suppose that p is odd if n > 0. If and fc, are Landweber exact over 
P{n)^, and even- periodic, then the map S : Mult(/i, /c) — > FGL((_Ffc, fco), (f/i, /lo)) is a bijec- 
tion. Furthermore, if hQ and /cq c^^g Noetherian and linearly compact, then S"^ : Mult'^(/i, fc) — > 
FGL'^((ffc, /cq): (-Fkj ^o)) is also a bijection. 

Proof. For (/, a) £ FGL,{Fk, Fh), we construct a multiplicative operation 6 : h*{—) k*{—). 
Since fc*(— ) = fc* (g) ), we have = fc, (JJ P(n)^{P{n)), and hence k,,{P{n)) is free 

over fc,. Then k^{P{n)) ^ Homj;, (fc»(P(n)), A:,) = Homp(„)^ (P(n),(P(n)), fc*). It is easy to see 
that a multiplicative operation ) ^ ) corresponds to a P(n)*-algebra homomorphism 

P(n)*(P(n)) — > fc*. Hence we obtain a P(n)»-algebra homomorphism (j) : P(n),(P(n)) — > fc, such 
that (p o r]ji corresponds to Fh- This gives a multiplicative operation cp : P(n)*(— ) k*{—). 
Note that induces (j) o rjji on the coefficient rings, and Ft is the degree formal group law 
associated with (0 o r]fi)^Fp(^n)- By using the ring homomorphism a : k^, we may extend ip 

to a multiplicative operation 9 : h*{—) = h*(^P{n)* {—) k*{~). Then it is easy to check that 
this construction gives the inverse of S. li a : ho ^ fco is continuous, then 9 G Mult^(/i, k) by 
Remark O □ 



4 Multiplicative natural transformation G 

In this section we suppose that p is an odd prime. We construct a multiplicative natural trans- 
formation 8 from E*{—) to K* {—)®fL, which is equivariant under the action of G„+i. It is 
shown that induces an isomorphism of Cy-niodules between E*{X)®eL and K*{X)®yL. This 
implies that the Gn-module K*{X) is naturally isomorphic to H'^{Sn+i',E*{X)®EL) for all spec- 
tra X. Hence we can recover the G„-module structure of K*{X) from the G„+i-module structure 
of E*{X). 

Recall that F is an algebraic extension of Fp which contains the finite fields Fpn and F^n+i . Set 
Ei, = Y\un\[u^^\, where the degree of m„ is and the degree of u is —2. Abbreviate to E the 
degree subring Eq = F|u„]. We consider that is a P(ri), -algebra by the ring homomorphism 
P{n)* — > E^ given by u„ i— > ~^\vn+i u^^^ ^^\vi i-^ (i > n + 1). Then E^ is an 

even-periodic Landweber exact P(n), -algebra, and E is complete Noetherian local ring. Hence, 
by Lemma \3M the functor E*{—) = -E*'8>p(„).P(?^)*(— ) is a generalized cohomology theory. We 
denote by E the representing ring spectrum. Then the degree formal group law associated with 
E*{—) is Fn+i- By Proposition l3.9l there is a one-to-one correspondence between Mult'^(E, E) and 
Aut°(P„+i, By Lemma [2?5| the automorphism group of P„+i over E is isomorphic to G„+i. 
In particular, G„+i acts on the cohomology theory E*{—) as multiplicative stable operations. 

Let Kf, = F[ti;^^], where |w| = —2. There is a ring homomorphism P{n)i, — > given by 
Vn ^ w^'-P"'^^\vi i-> (i > n). By Lemma [3^ K*{-) = iir*§)p(„)^P(n)*(-) is a complex 
oriented cohomology theory. We denote by K the representing ring spectrum. Then the associated 
degree formal group law is Hn- By definition, the automorphism group of {Hn,F) is G„. Hence 
the automorphism group of K*{—) as multiplicative cohomology theory is Gn by Proposition l3.9l 

The following is the main theorems of this note. 

Theorem 4.1. There is a multiplicative stable cohomology operation 



6 : E*{-) ^ K*{~)^fL 
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such that O is equivariant with respect to the action ofGn+i- Furthermore, Q induces an isomor- 
phism 

E*{X)®eL ^ K*{X)(E)fL, 

as Q -modules for all X . 

Proof. The even-periodic cohoniology theory K*{~)>S>fL is obtained by the even periodic Landwe- 
ber exact -algebra L[w^^] given by u„ ^ uj^'p"^^), (i > n) 0. The associated degree 

formal group law is the Honda group law iJ„ of height n over L. By Proposition [2111 the automor- 
phism group of K* {—)®fL as a multiplicative cohomology theory is Aut(i7„, L). By Theorem l2.6[ 
Q acts on K*{—)(^-pL as multiplicative cohomology operations. 

By Proposition EH Mult(E, KSf^) ^ FGL((i?„, L), (i^„+i, i;)). We have the ring homo- 
morphism a : F|w„] ~ E ^ M ^ L — (K®f-^)o, and the isomorphism <I>~"'^ : Hn — > a*i^„+i 
over L. Then (<i>^^, a) G FGL((i7„, L), (Fn+i, E)) defines a multiplicative natural transformation 
8 : E*{-) K*{—)^fL. Then 6 extends to the natural transformation 6§L : E*{—)®eL 
K*{—)®yL. Note that E*{—)®eL is an even-periodic Landweber exact cohomology theory over 
P{n)^,. Since Q®L induces an isomorphism on the coefficient rings, Q®L is an isomorphism of 

cohomology theories. Furthermore, by Theorem 12.61 and Proposition 13. 9i G®L : E* {X)®eL ^ 
K*{X)®-pL is an isomorphism of ^/-modules, and Q is equivariant under the action of Gn+i- 

Lemma 4.2. The invariant ring of L[u^^] under the action of Sn+i is K^: 

Proof. Let = v-l,BP,/{p, vi,..., Vn-i,v^). By [H Theorem 5.10], Ext%p^^BP){BP*, M^) is 
the direct sum of the finite torsion submodules and the K{n)^/k{n)^ generated by l/i^^, j > 1 
as a fc(n)*-module. Then as in [HI §5.3] H°{Sn+i; R*) = F['i;„], where Vn = UnU'^-P By [TBI 
Lemma 5.9], H'^{Sn-i-i', M^) is the localization of H^{Sn+i\ R*) by inverting the invariant element 
Vr,. Hence H\S,,+r,M,) = F[z;±i]. 

By [161 Lemma 3.7], w ~ ^o^^"*^ G i is invariant under the action of Sn+i- Let a be a degree 
2n invariant element in L[u^^]. Then b = aw" is also invariant. Let G M[X] be the minimal 

polynomial of b. Then (p{b) = 0. Since b is invariant under the action of S'„+i, (j)^{b) = for 
all g G 5'n+i. Hence (j>^{X) is also the minimal polynomial of b. This implies that (p{X) is a 
polynomial over H°{Sn+i;M) = F. Hence 6 G F n L = F. This completes the proof. □ 

Corollary 4.3. There are natural isomorphisms of Gn-tnodules: 

K*{X) = i/0(5„+i;^*(X)§£L), 
K^X) = H"{Sn+i;E4X)(x)EL), 

for all spectra X . If X is a space, then these are also isomorphisms of graded commutative rings. 

Proof. We have the natural isomorphism of C/-modules: K*{X)(i^FL = E*{X)®eL. The action 
of the subgroup Sn+i C 5 on the left hand side is obtained from the action on L only. Hence 
i/°(S'„+i; K*{X)®-pL) = K*{X). This completes the proof of the cohomology case. The homology 
case is obtained by the similar way. □ 
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5 Lift to characteristic 

In this section we hft Q to the niultipHcative natural transformation ch of the characteristic 
cohomology theories. Then we prove that ch induces a natural isomorphism of cohomology theories 
with stable cohomology operations if the coefhcients are sufficiently extended. Note that in this 
section we do not assume that p is an odd prime. 

We recall that F is an algebraic extension of Fp which contains the finite fields Fpn and Fpn+i. 
We define graded rings i?„^* and En+i,* as follows: 

En^, = E4w^^] = Wlwi,...,Wn-il[w^^l 

En+1,* = En+l[u^'] = Wlui,...,Unj[u^^], 

where W = W{F) is the ring of Witt vectors with coefficients in F. The grading of En,* is given by 
\wi\ — {1 < i < n) and \w\ = —2, and the grading of En+i,* is given by = (1 < i < n) and 
|u| = —2. Let r„ : BP^, En,* be the ring homomorphism given by r„(fi) = WiW'^P (1 < i < 
n), r„(t;„) = w^'p rn{vi) — {i > n), and let Vn+i '■ BP^ En+i.* be the ring homomorphism 
given by rn+i{vi) = UiU^'-p'~^'^ (1 < i < n), r„+i(ti„+i) = r„+i(?;j) = (« > n + 1). 

These gives En.* and En+i,* even-periodic Landweber exact -BP*-algebra structures. Hence, by 
Lemma = En,*®BP,BP*{-) and E*^^-y{-~) = En+i,*®BP,BP* {-) are generalized 

cohomology theories. Then there are associated degree formal group laws F„ and Fn+i over En 
and En+i, respectively. By Lemma 12.31 {En, En) and {Fn+i^ En+i) are universal deformations of 
(iJ„,F) and (7J„+i,F), respectively. 

Let R = Wlunl- We denote by S the p-adic completion of R[u-'^]: S = (VF((m„)))^. Then S is 
a complete discrete valuation ring with uniformizer p and residue field M = F((u„)). In particular, 
S" is a Henselian ring. We recall the following lemma on Henselian rings. 

Lemma 5.1 (cf. [13|, Proposition 1.4.4.]). Let A be a Henselian ring with residue field k. Then the 
functor B i— > B®a k induces an equivalence between the category of finite etale A-algebras and the 
category of finite etale k-algebras. 

In [16) . we have constructed a sequence of finite separable extensions of M: 

where Li is obtained by adjoining the coefficients $0: ^i, ■ ■ ■ of the isomorphism $ : Fn+i ^ Hn- 
By definition, L = lim Li = UiLi and we have shown that Li is stable under the action of Q for all 

i. By Lemma [5Tl we obtain a sequence of finite etale S'-algebras: 

S = 5'— 1 — > Sq — > Si — > • • • . 

We denote by the direct limit lim Si and T the p-adic completion of Soo ■ 

Lemma 5.2. The ring T is a complete discrete valuation ring of characteristic with uniformizer 
p and residue field L = lim Li . 
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Proof. Since Li is a separable extension over M, we can take a € Li such that Li = M{a). Let 
f{X) £ M[X] be the minimal polynomial of a and f{X) G S[X] a monic polynomial which is a 
lift of f{X). Then 5*^ = S[X]/{f{X)). Then we see that Si is a complete discrete valuation ring 
with uniformizer p and residue field Li. This implies that is also a discrete valuation ring 
with uniformizer p and residue field L. Then the lemma follows from the fact that T is the p-adic 
completion of 5*00- D 

We abbreviate Tlwi, . . . , m„_i] and T|ui, . . . , m„_i] by and respectively, etc. 

Then we obtain a sequence of finite etale S'luiJ-algebras: 

Slu4 = S-ilu.,j ^ 5oK] ^ • • • , 

and T|ui] is the /„-adic completion of lim where /„ = (p, ui, . . . , u„_i). 

j 

The ring homomorphisms SP* —9- i?„_, ^ T|wi] [w^'^-'^] and BP^ En+i^^ ^ T^I'^i] ["^"'^] satisfy 
the Landweber exact condition. Also T|u;i][i(;^^] and T|ui][u^^] are even-periodic, and the degree 
subring r|it;i] and r|ui] are complete Noetherian local rings. By Lemma |3.8[ the following two 
functors are generalized cohomology theories: 

E:{X)^e^TIw4 := lim iE*{X„) ®b„ 

E*+,{X)^E„^,Tlu4 := hm (£*+i(X„)®B„+iTM). 

MX) 

The degree formal group laws associated with £'*(-) ®r|ti;j] and E*^_^_-^^{-)(^Tluij are (F„, T|ti;j]) 
and (fn+i, r|wi]), respectively. 

Lemma 5.3. The formal group laws (i^„+i,T|ui]) and (_F„,T|wi]) are universal deformations of 
{Fn^i,L) and {Hn, L), respectively, on the category of complete Noetherian local T- algebras. 

Proof. From the fact that {Fn,En) is a universal deformation of (_ff„,F), it is easy to see that 
{FnjTlwiJ) is a universal deformation of {Hn, L). From the form of the p-series of Fn+i given by 
()2.ip . we see that T|ui]) is a universal deformation of (F„+i,L). □ 



Corollary 5.4. The action of Gn+i on (Fn+i, En+i) extends to an action on (P„+i,T|wi]) such 
that the induced action on (P„+i,L) coincides with the action of Theorem [2?i 



Proof. It is sufficient to show that the action of Gn+i on En+i extends to an action on T|Mi]. For 
g e Gn+i, u-^ is a unit multiple of m„ modulo {p,ui, . . . , Un-i, u^)- Hence the ring homomorphism 
En+i En+1 (i?„+i[w^^])^^^ = Sluij extends to a ring homomorphism i?„+i[u~^] Sluij 
This induces a ring homomorphism S'|wi] — » S'lwi] and defines an action of Gn+i on 5'|wi]. Since 
Sjlwi] —>■ Sj-^-iluiJ is etale for j > — 1 and Lj is stable under the action of G„+i on L, the action 
on iSlui] extends to S'j|ui] uniquely and compatibly by Lemma l5.1l Hence we obtain an action on 
lim and its /„-adic completion □ 

j 

^ We denote the action of G„+i on (K+i,rK]) by T{g) = (t{g),v{g)) : (F„+i, T|ii,;l) ^ 
(F„+i,TKl) for geG„+i. 



GENERALIZED CHERN CHARACTER 



13 



Corollary 5.5. The {n + l)th extended Morava stabilizer group Gn+i acts on the cohomology 
theory E^j^i{—)®T\ui\ as multiplicative cohomology operations. 



Proof. This follows from Proposition 13.91 □ 

Recall that 5„ and Gn are identified with the Galois groups Gal(i/M) and Gal(i/Fp((u„))), 
respectively, through the action of G„ on L f[51[T^). 

Lemma 5.6. The action of Gn on L lifts to the action on T. 

Proof. Since Li is stable under the action of Gn on L for all z > —1, the action of Gn on Li lifts to 
the action on Si compatibly by Lemma l5. II This induces an action on Soo- Since T is the p-adic 
completion of 5*00, we obtain an action on T which is a lift of the action on L. □ 

We denote this action of G„ on T by T{g) : T — > T for g e G„. Since the actions of G„ on En 
and T are compatible on W, the diagonal action defines an action of G„ on r|it;i] = T^wW^lf^i]- 
Then we obtain an extension of the action of G„ on {Fn, En) to {Fn, r|w,;]). We denote this action 
of G„ on (F„,TM) by Qig) - (s(.g),w(g)) : (^^„,rlm,]) ^ (F„,TM) for g G G„. 

Corollary 5.7. The nth extended Morava stabilizer group Gn acts on _E* (— )(K)T|u',;] as multi- 
plicative cohomology operations. 

Proof. This follows from Proposition 13.91 □ 

Lemma 5.8. There is a unique isomorphism : T|u,;]) — > (i^„,T|ii;i]) such that Ip is 

a continuous T-algebra homomorphism and $ induces $ on the residue fields. 

Proof. Since there is an isomorphism (<i>, irf^) : (i^„_|_i,L) (iJ„,L), the lemma follows from 
Lemma O □ 



Lemma 5.9. For g G G„ there is a commutative diagram: 



{Fn+1,T 



{Fn,Tiw4) ^ (F„,rM), 

where 6{g) : — > T|ui] is given by 9{g)(t) — T(g){t) for t £ T and 6{g)(ui) — Ui for \ < Ui < n. 

Proof. Note that {9{g) o [p)\x = T{g) = {ip o uj{g))\T- The diagram induced on the residue field is 
commutative by definition of the action of G„ on {Fn+i,L) = {Hn,L). Then the lemma follows 
from the universality of {FnjTfwil). □ 

Corollary 5.10. The pro-finite group Q acts on (i^„+i, r|Mi]) = {FnjTlwi}) such that the action 
of the subgroup Gn+i coincides with T, and the action of the subgroup Gn coincides with fl. 
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Proof. We have the action T of Gn+i on (F„+i,r|Mi]) and the action fl of Gn on (i^„, T|u;i]). 
The action of the subgroup F of G„+i on (F„+i, T|ui]) coincides with the action on (F„, TlwiJ) as 
the subgroup of Gn under the isomorphism {^,ip). Hence it is sufficient to show that the following 
diagram commutes for g g 5'„+i and h E Sn- 



T(s) 

(F„+i,T|ui 



{x,e(h)) 



T(s) 



(F„+i,rK]). 



Note that the induced diagram on the residue field L commutes. 

Since < G En+i C T^], o = < = (^(5) o 0(/i))(w„). Hence o vig))\s = 

{v{g) o 9{h))\s- From the fact that Si is an etale ^-algebra, Tluij is complete, and the induced 
homomorphisms on the residue field coincide, we see that {0{h) o v{g))\si — {v{g) o 0{h))\si for 
all i. Hence {e{h) o vig))\s^ = {v{g) o 0{h))\s^ and {9{h) o v{g))\T = {v[g) o e{h))\T. Then the 
corollary follows from the universality of r|Mi]). □ 

Theorem 5.11. There is a multiplicative stable cohomology operation 

such that ch is equivariant with respect to the action of Gn+i- Furthermore, ch induces a natural 
isomorphism 

e:^,{x)§,e„^,tim = e:{x)^eMw4, 

as Q -modules for all spectra X . 

Proof. As in the proof of Theorem 14.11 this follows from Lemma 15.101 and Proposition 13.91 □ 
Remark 5.12. As in Lemma [531 we can show that the following diagram commutes for g G G„+i: 



(F„+i,TKl) 



where fi{g) is given by — (p^^{v(g){t)) for t eT and ^(g){wi) = Wi for 1 < « < ?i. This 

implies that there is a Gn-equivariant natural homomorphism 

e:{x) ij°(5„+i;£;:+i(x)grM), 

which is a homomorphism of graded commutative rings if A" is a space. 
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